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O ■ Abstract 

oo : 

Q\ , The coherent-state path-integral representation for the propagator of fermionic 

systems subjected to first-class constraints is constructed. As in the bosonic case 

the importance of path-integral measures for Lagrange multipliers is emphasized. 

Qh! One example is discussed in some detail. 

<D 

1 Introduction 

X 

The quantization of constrained systems is of considerable importance in many areas of 
theoretical physics. At the last meeting of this conference series, held at Dubna (Russia) in 
1996, one of us has reexamined this problem from the point of view of coherent-state path 
integrals. [|l], [2| It is the aim of this contribution to show that this work on bosonic systems 
can be generalized to systems with fermionic degrees of freedom. Here we will limit 
ourselves to a brief discussion of first-class constraints. More details, including also an 
extensive discussion of second-class constraints, have already been published elsewhere. 
Similar work has also been studied by Prokhorov and Shabanov. [|J 

The fermionic quantum systems considered here consist of N fermionic degrees of free- 
dom characterized by annihilation and creation operators obeying the anticommutation 
relations {fi, fj} = 0, {//, fj} = 0, {//, fj} = 5ij and acting on the "A-fermion" Hilbert 
space 7i = C 2N = C 2 <E> ■ • • <S> C 2 . The quantum dynamics of such a system is completely 
characterized by a normal-ordered self-adjoint Hamiltonian H = H(f \ f) and the associ- 
ated constraints, which are denoted by $ (/^, /) and Xa(f\ f) f° r constraints being even 
and odd in the fermion operators, respectively. Here / and /' stand for the ordered set 
{fi, ■ ■ ■ , /at} and {//,..., fy}, whereas a and a enumerate the even and odd constraints, 
respectively. As for the Hamiltonian, we assume that the operator-valued constraints 
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are self-adjoint and normal ordered. The associated normalized fermionic coherent states 
1^} = \if) 1 ■ ■ -ij) N ) = \ipi) ® • • • <S> \i/jn) are labeled by odd Grassmann variables, satisfy- 
ing $ = = $1, and fulfill the relation (^"|0(/ t , f)\^') = 0(f ", for any 
normal-ordered operator O. We also note that these states form an over-complete set, 
= exp{-if " • - + |(f " - #') • *'}, where f " • = $[$ x + ■■■ + ^%ip' N 
etc., and admit a resolution of unity in TC, J d^/d^fr = 1, based on the standard 
definition of Grassmann integration, p, [5] 

2 First-class Constraints 

In this contribution we limit ourselves to the case of first-class constraints, i.e. the con- 
straints together with the Hamiltonian are assumed to close a Lie superalgebra (c, d,g,h 
and k denote complex-valued structure constants) 

[$«,$b] = ic ab C <3> c , [$ a ,Xa] =id ao ?Xl3 , {Xa, Xp] = iQa^a , (1) 
[$«, F] = Z C$6 , [ Xa , H] = I kJxp ■ (2) 

The physical subspace of the Hilbert space 7i is defined by 

^phys = £ 7~L ■ &a\p) = and Xa\p) = for all a and a} . (3) 

However, from the last relation in (|IJ) it is obvious that the even constraints, 3> a \(p) = 
for all a, imply the odd constraints Xa\f) = and, therefore, it suffices to consider only 
the Lie algebra, c.f. the first relation in (TT]), of the even constraints generating the Lie 
group G. As a consequence, this subset of (boselike) constraints may now be treated in 
analogy to the bosonic case.fl], ^ That is, we introduce the projection operator (fx denotes 
the invariant normalized Haar measure on G) 

E = / dfj.it) exp{-i£ a $ a } = E f = E 2 = exp{-z^ a $ a }E , (4) 

J G 

where the last relation is valid for any values of the real group parameters T] . Clearly, 
the above definition only holds for compact groups G. However, even in the case of 
non-compact groups we may strictly follow the methods designed in the bose case.0 
Obviously, we have 7^ p h y s = E7-ffi and the constrained time-evolution operator admits the 
following representations (by using the first relation in (Q) and the last one in (^): 

exp{-itH}E = Eexp{-itH} = Eexp{-it#}E = Eexp{-it(E#E)}E . (5) 

For the fermion coherent-state matrix element of this operator, that is, the propagator 
(^"l exp{— itH}K\ty') , we will now construct a path-integral representation again follow- 
ing closely the previous approach. [0 

3 Path-Integral Representation of the Constrained 
Propagator 

In order to construct a path-integral representation for the constrained propagator we 
start with the last relation in (B), divide the time interval t into M short-time intervals 
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e = t/M and then use the group composition law following from the first relation in (|2|): 



M 



e ~ itH E = e- itH e' l ^ a E = JJ e~ ieH e'^^E . (6) 
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A time-lattice path-integral representation of the corresponding propagator then imme- 
diately follows from an M-fold insertion of the resolution of unity with fermion coherent 
states and the limit e — » such that Me = t remains fixed = VP"): 



M-l 



{■$"\exv{-itH}E\V') = lim J[ j d^ n d^/ n j dn{£) <^ 1 e^^'^t^ ' /) | ^ r > 

M 



n=0 

M 

X 

n=l 

-ieH(^f n , — i£^$ a (*„, ^ri-i)} • (7) 



Here we note that despite the fact that the time-dependent Lagrange multipliers r/ a ex- 
plicitly appear on the right-hand side the final result clearly does not depend on them. 
Hence, we are free to average this expression by any, in general complex-valued, nor- 
malized measure Yin I dC(i] n ) = 1. Therefore, we may express the above path integral 
formally by 

J V^V^VC{jj) exp ji jf dr |(# • 4? - t • *) - H(V, *) - r/ a $ a (^, *) J (8) 

with the only requirement that the measure T>C(rj) should at least introduce one projec- 
tion operator in order to respect the constraints. 



4 Example 



As an elementary but instructive example we choose two fermionic degrees of freedom 
N = 2 subjected to the constraint 3>(/^,/) = flj'2 + ftfi an d a vanishing Hamiltonian 
H = 0. In this case the projector (H) has the following representations 
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d£ e" 



1-^ = 1- /T /x - /T /a + 2/1/1/1/2 



(9) 



and its coherent-state matrix element (\I/"|E|\I/') is represented by the following path- 
integral (A^ n = tf n - A^ n = %- 



V^V^VC(r]) exp ^ z / dr i(* - ^(V^ + ^2^1 



limfj I d9 n d9 n f[ d Vn 6( Vn ) j W ^(* \e-** ifi > f) m (10) 

M 

X JJexp ^n + ^n-^-l -ie7/ n $(*„,* n _i)} . 
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Our choice for the measure of the Lagrange multipliers is obvious and obeys the require- 
ment to insert at least one projection operator (here at the initial stage). Integration over 
the 77's is trivial and for that over the \l/'s we use the convolution formula 
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12) 



= exp {-|*n+l ■ (tfrH-1 - *n-l) + |(*n+l ~ *n-l) " *n-l} • 

Finally, we note that (|^ ) = ® ^2)) 

(ijf \ e -*(flf*+tifi) I W) = 

x [l + (cos^-l)(^ -^' + 2^iV'2^2)-^ine(^ + ^i)] , 
which immediately gives rise to the explicit result 

(*"|E|*'> = e -^"-*" e -h*'-*' [1 - tfZftifM] 

= [1 - tf" • ¥' - 2<V 2 V1V'2] • 

Further examples of first-class as well as second-class constraints can be found elsewhere. P] 
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